Abstract. We prove that the mapping class group of a closed oriented surface of genus r d 3 has no proper subgroup of index c 4r þ 4.
Let S be a closed oriented surface of genus r d 1, and let Homeo þ ðSÞ be the group of homeomorphisms h : S ! S that preserve the orientation. The mapping class group of S is defined to be the group MðSÞ ¼ p 0 ðHomeo þ ðSÞÞ of isotopy classes of elements of Homeo þ ðSÞ. This group plays an important role in low-dimensional topology, in Teichmü ller theory, and in group theory. We refer to [4] for a general survey on the subject, and turn to the main object of the present paper: the finite index subgroups of MðSÞ.
A group G is called residually finite if, for all g A Gnf1g, there exists a homomorphism j : G ! H such that H is finite and jðgÞ 0 1. By [2] , the mapping class group MðSÞ is residually finite. This means that MðSÞ has many finite index subgroups, numerous enough to separate its elements. Nevertheless, we are going to prove: Theorem 1. Let S be a closed oriented surface of genus r d 3. Then MðSÞ has no proper subgroup of index c 4r þ 4.
Remark. If r ¼ 1, then H 1 ðMðSÞÞ F Z=12Z; thus MðSÞ has (normal) subgroups of index 2 and 3. If r ¼ 2, then H 1 ðMðSÞÞ F Z=10Z (see [6] ); thus MðSÞ has (normal) subgroups of index 2 and 5. So the hypothesis r d 3 is needed in Theorem 1. Note also that the statement is valid for all subgroups, not only for the normal ones.
The rest of the paper is dedicated to the proof of Theorem 1. So, from now on, S denotes a closed oriented surface of genus r d 3.
Consider the circles a 0 ; a 1 ; . . . ; a 2rþ1 drawn in Figure 1 , and, for 0 c i c 2r þ 1, let t i denote the Dehn twist along a i . We collect in the following proposition some classical results that will be used. 
(2) (Humphries [3] ) t 0 ; t 1 ; . . . ; t 2r generate MðSÞ. (3) (Powell [7] ) MðSÞ is perfect.
For k d 1, we denote by Sym k the symmetric group on f1; . . . ; kg. Let G be a group. A homomorphism j : G ! Sym k is called transitive if the image of j acts transitively on f1; . . . ; kg. If j : G ! Sym k is transitive, then Stab j ð1Þ ¼ fg A G; jðgÞð1Þ ¼ 1g is an index k subgroup of G. Conversely, if H is an index k subgroup of G, then there exists a transitive homomorphism j : G ! Sym k such that H ¼ Stab j ð1Þ, namely the action of G on the left cosets of H. So, in order to prove Theorem 1, it su‰ces to show that there is no transitive homomorphism j : MðSÞ ! Sym k , for 2 c k c 4r þ 4. It is easily shown that this is equivalent to saying that there is no non-trivial homomorphism j : MðSÞ ! Sym 4rþ4 . Let n; k A N, and let w A Sym k . Recall that s 1 ; . . . ; s nÀ1 denote the standard generators of the braid group B n . Then the map s i 7 ! w, 1 c i c n À 1, induces a homomorphism cycl w : B n ! Sym k called cyclic homomorphism. On the other hand, the map s i 7 ! ði; i þ 1Þ A Sym n , 1 c i c n À 1, induces a transitive homomorphism r S : B n ! Sym n called the standard homomorphism. Finally, it is easily checked that the maps induce transitive homomorphisms from B n to Sym 2n , denoted by r L1 , r L2 , r L3 , respectively. For c 1 ; c 2 : B n ! Sym k , the notation c 1 @ c 2 means that c 1 and c 2 are conjugate. The direct product of two homomorphisms c 1 : B n ! Sym k 1 and c 2 :
The transitive homomorphisms B n ! Sym k for 1 c k c 2n and n d 7 have been determined by Artin [1] and Lin [5] . The following result is easily deduced from their classification.
Theorem 3. Let n d 7, and let c : B n ! Sym 2n be a homomorphism. Then one of the following holds:
Proof of Theorem 1. Set n ¼ 2r þ 2 d 8. Let j : MðSÞ ! Sym 4rþ4 ¼ Sym 2n be a homomorphism. We must prove that j is trivial. We set c ¼ j i : B n ! Sym 2n , where i : B n ! MðSÞ is the homomorphism of Proposition 2. By Theorem 3, one of the following holds: Set f ¼ t 4 t 0 and observe that f t 4 f À1 ¼ t 0 , and
Since MðSÞ is generated by t 0 ; t 1 ; . . . ; t 2r (see Proposition 2), it follows that the image of j is the cyclic group generated by w and so is abelian. Since MðSÞ is perfect (see Proposition 2), we conclude that Im j is trivial, that is, w ¼ 1 and j is trivial. and this last equality cannot hold, a contradiction.
Case 3. Suppose that c ¼ r S Â r S . We have
, where f ¼ t 4 t 0 ; thus u 0 is conjugate to jðt 4 Þ ¼ ð4; 5Þðn þ 4; n þ 5Þ, and therefore u 0 is the disjoint product of two transpositions. Since u 0 commutes with jðt i Þ ¼ ði; i þ 1Þðn þ i; n þ i þ 1Þ for i ¼ 1; 2; 3, we have
for i ¼ 1; 2; 3, and thus u 0 ðfi; n þ igÞ ¼ fi; n þ ig for i ¼ 1; 2; 3; 4. Let sg : Sym 2n ! fG1g denote the signature. Observe that
thus sg j : MðSÞ ! fG1g is surjective. This contradicts the fact that MðSÞ is perfect (see Proposition 2).
Case 5. Suppose that c ¼ r L2 . Note that n ¼ 2r þ 2 is even; thus
and therefore sg j : MðSÞ ! fG1g is surjective. As pointed out in the previous case, such a homomorphism cannot exist because MðSÞ is perfect.
Case 6. Suppose that c ¼ r L3 . We have
for 1 c i c n À 1. Set u 0 ¼ jðt 0 Þ. Recall that t 0 is conjugate to t 4 ; thus u 0 is conjugate to jðt 4 Þ, and therefore u 0 is the disjoint product of n transpositions. The permutation u 0 commutes with the following three permutations:
Thus u 0 ðf1; 2; 3; n þ 1; n þ 2; n þ 3gÞ ¼ f1; 2; 3; n þ 1; n þ 2; n þ 3g; u 0 ðf1; 2; 3; 4; n þ 1; n þ 2; n þ 3; n þ 4gÞ ¼ f1; 2; 3; 4; n þ 1; n þ 2; n þ 3; n þ 4g; u 0 ðf2; 3; 4; n þ 2; n þ 3; n þ 4gÞ ¼ f2; 3; 4; n þ 2; n þ 3; n þ 4g; and hence u 0 ðf1; n þ 1gÞ ¼ f1; n þ 1g and u 0 ðf4; n þ 4gÞ ¼ f4; n þ 4g:
Moreover, the above two equalities together with the fact that u 0 commutes with jðt 1 Þjðt 3 Þ ¼ ð1; 2Þð3; 4Þðn þ 1; n þ 2Þðn þ 3; n þ 4Þ imply that we also have u 0 ðf2; n þ 2gÞ ¼ f2; n þ 2g and u 0 ðf3; n þ 3gÞ ¼ f3; n þ 3g:
Similarly, the fact that u 0 commutes with jðt i Þ for 5 c i c n À 1 implies that u 0 ðfi; n þ igÞ ¼ fi; n þ ig for 5 c i c n. Finally, since u 0 is the disjoint product of n transpositions, we conclude that
ð j; n þ jÞ:
Now a direct calculation shows that and this contradicts the equality t 0 t 4 t 0 ¼ t 4 t 0 t 4 of Proposition 2. r
